We propose a multivariate test based on no-arbitrage conditions under the stochastic discount factor approach, which compares cross-sectional variation in equity returns to the cross-sectional variation in their conditional covariance with the discount factors. Using the multivariate generalized heteroskedasticity in mean model to estimate the 25 portfolios formed on size and book-to-market ratio, together each with its own arbitrage condition, we find that the no-arbitrage test rejects the consumptionbased capital asset pricing model (C-CAPM). Although the conditional covariances of returns with consumption exhibit negative variation across size, they do not vary across the book-to-market ratio. Thus, the C-CAPM can capture size effect, but not value effect. Allowing the coefficients on the consumption covariances to be different largely improves the fit of the C-CAPM, however. The value effect appears to be associated with book-to-market ratio as well as size. Book-to-market ratio separately does not generate information about average returns that cannot be explained by the C-CAPM. One possible explanation for this extra dimension of risk is the investment growth prospect of firms. Low book-to-market ratio firms may be expected to have higher rates of growth while small firms may also be expected to behave similarly. JEL Classification: G12, G14, C32, E44
Introduction
Size and value effects have long been recognized as "anomalies" both in the capital asset pricing model (CAPM) literature (summarized in French, 2006 and , and in the consumption-based CAPM (C-CAPM) framework with power utility (see Cochrane, 2008) . This paper tests whether stochastic discount factor (SDF) models that satisfy no-arbitrage restrictions can explain the behavior of a cross section of returns on 25 portfolios sorted by firm size and their book-to-market ratio ratio (the 25 Fama-French portfolios). We examine whether portfolios of stocks have different returns due to different conditional covariances between the returns and the relevant discount factors, or because the coefficients of the discount factors vary by portfolio characteristic. This provides a test of no-arbitrage as finding either effect would imply that no-arbitrage does not hold.
Instead of modelling separate no-arbitrage conditions for the returns on the 25 Fama-French portfolios, we model them simultaneously employing an SDF framework. We use a multivariate generalized autoregressive conditional heteroskasticity in mean model (MGM) as in Smith and Wickens (2002) . This methodology is in contrast to most of the time-series econometric models of equity returns in the literature, which are univariate models and do not include conditional covariances (see for example Ludvigson, 2012) . Smith, Sorensen, and Wickens (2008) used the approach adopted in this paper, examining various SDF models, including the standard C-CAPM, to generate models involving macroeconomic variables. Abhakorn, Smith, and Wickens (2013) estimate the MGM for the standard C-CAPM for each of the 25 Fama-French portfolios, and find that the fit of the model is significantly improved by the inclusion of the firm book-to-market value ratio (HML) factor. This paper extends their analysis by estimating the all 25 Fama-French portfolio returns simultaneously and testing for each asset-pricing model whether the conditional covariances of these returns with the relevant discount factors can adequately explain the excess returns of these portfolios.
We find that C-CAPM is rejected by the no-arbitrage test. The model can explain the size effect, as the conditional covariance of consumption with firm size is negative, but not the value effect, as the conditional covariance of consumption with the book-to-market ratio does not vary as required across the book-to-market quintiles. We find that the value effect tends to be slightly lower for portfolios in the highest book-to-market quintile -indicating that a lower risk premium -than for portfolios with the lowest book-to-market quintiles. Allowing the coefficients on the conditional covariances to vary across the portfolios improves fit markedly. As C-CAPM restricts them to be the same, this too is an indication of the failure of the model.
The paper is set out as follows. In Section 2, we briefly review the relevant literature on CAPM and C-CAPM. In Section 3 we describe our theoretical framework for asset pricing and in Section 4 we explain our econometric methodology. In Section 5, we report our empirical results. Section 6 summarizes the findings of this paper.
Some relevant literature on CAPM and C-CAPM
Evidence that the accounting variables firm size and the book-to-market ratio would be significant if included in the standard CAPM in addition to the market return was first presented by French (1993 and . This cast doubt on the empirical validity of the CAPM as it suggested that additional pricing factors to the market return were required to successfully explain the cross-section of stock returns.
This raises the question of whether such anomalies would also be significant in alternative models to CAPM such as C-CAPM which takes into account the intertemporal nature of the investor optimization problem. Cochrane (2008) found that size and value effects are not significant in C-CAPM More recently, however, a number of studies have attempted to explain the crosssection of equity returns using modified versions of C-CAPM that included either different or additional factors. Lettau and Ludvigson (2001) use the ratio of aggregate consumption to wealth as a conditioning variable in C-CAPM in order to better capture variations in expected returns over time. An alternative way to overcome the slowness of the consumption adjustment process was suggested by Parker and Julliard (2005) who measured the risk premium by its covariance with consumption growth cumulated over many quarters after the return period, see also Jagannathan and Wang (2007) . Yogo (2006) proposed a two-factor model that includes nondurable and durable consumption growth. He found that the size and value effects are due to small and value stocks having higher durable consumption betas than large and growth stocks. Savov (2011) suggested the use of household garbage production as a proxy for consumption; as all forms of consumption produce waste, garbage growth should be informative about rates of consumption growth. These modified versions of C-CAPM seem to explain the cross-section of equity returns equally well to the Fama and French three-factor model (Fama and French, 1993) . In this paper, rather than asserting that there are alternative or missing factors in C-CAPM, we exploit implications of C-CAPM that are ignored in the papers discussed above while keeping close to the ideas of Fama and French. In particular, we include the two additional factors of Fama and French, and do so using C-CAPM instead of CAPM, Thus we explore the validity of the model but in a multivariate no-arbitrage framework by estimating the 25 Fama-French portfolios simultaneously.
It appears from the results of Abhakorn, Smith, and Wickens (2013) that in order to capture the value effect using C-CAPM it is necessary to include both firm size and the book-to-market ratio as when including them individually C-CAPM cannot explain small growth portfolios. They find that HML helps explain the 25 Fama-French portfolios across size quintiles as well as across book-to-market ratio quintiles, and suggest that HML may be associated with the investment growth prospects of firm. This could be the reason why the investment-based asset pricing models of Brennan, Wang, and Xia (2004) and Li, Vassalou, and Xing (2006) are able to explain well the cross-section of equity returns but traditional CAPM is not able to (e.g. Fama and French, 1992 and Lewellen and Nagel, 2006 . This suggests that consumption contains information about these firm characteristics that is not available through market return.
Theoretical Framework

Stochastic Discount Factor Representations of Asset Pricing Models
The basic no-arbitrage pricing equation for a risky asset defines a relationship between the Stochastic Discount Factor (SDF) 
where the right-hand side is the risk premium and the variance term is the Jensen effect.
Equation (2) 
The no-arbitrage condition for nominal returns is:
Comparing (3) and (2), the no-arbitrage condition for the nominal return involves one additional term in the conditional covariance of returns with inflation.
More generally, if t m can be represented as a linear function of
where , n t t z   . The differences between many asset pricing models are in their stochastic discount factor, , 1 i t z  , and the restrictions imposed on the coefficients. We consider three pricing models that are special cases of equation (4):
(a) C-CAPM with power utility The discount factor in this case is
where the consumer./investor has utility function,
constant coefficient of relative risk aversion (CRRA). The nominal no-arbitrage condition in this case is:
where
is the growth rate of consumption. C-CAPM with power utility implies that excess returns of different portfolios of equities differ due to their conditional covariance with consumption with a common CRRA.
(b) CAPM
The CAPM implies that the expected return of an asset must be linearly related to the covariance of its return with the return on the market portfolio through (Merton, 1980) . There is no Jensen effect because log-normality is not assumed. The corresponding no-arbitrage condition for nominal returns is
where 1 m t i  is the nominal return on the market portfolio.
(c) General Stochastic Discount Factor Models
General SDF models are based on macroeconomic factors and particular versions of the multifactor model in (4) which also allow the factors to have unrestricted coefficients. We consider general SDF model with up to three macroeconomic factors. Smith, Sorensen, and Wickens (2008) suggest the use of factors that are associated with the business cycle and inflation. They argue that as financial institutions, such as pension funds, are the main holders of equity and act on behalf of investors and often focus on short-term business cycle considerations rather than on longer term performance associated with the utility of their investors. The authors, therefore, use output growth as an additional source of risk to consumption and inflation, but without seeking to give the model a general equilibrium interpretation.
Testing the Discount Factor Models
In all of the SDF models previously discussed, the discount factors are functions of aggregate variables, and thus it is possible to hold the properties of the discount factors constant as one individual asset is compared to another. As the risk premium is represented by the conditional covariance of the returns with the discount factor, we can compare cross-sectional average returns with cross-sectional variation in their conditional covariances with the factors. The implication is that the coefficients on these conditional covariances should be the same across the cross-section of equity returns and stocks have different returns because they have different conditional covariances with the relevant factors. Our estimation method allows these covariances also to vary through time. This relation provides testable restrictions on no-arbitrage conditions, and therefore, it can be interpreted as a no-arbitrage test. Table 1 allows portfolios with different size groups to have different coefficients on the consumption covariances, while M3 allows the coefficients for portfolios with different book-to-market-equity ratio groups to be different. Similarly, these restrictions of C-CAPM are applied to the CAPM, where the market price of risk is expected to be the same across assets, (M5-M8). In addition, the restricted and unrestricted general SDF models, based on two (consumption growth and inflation) and three macroeconomic variables (consumption growth, inflation and industrial production growth), are given by M9-M12. In sum, all the above asset pricing models can be represented as restricted versions of the SDF model, 
where s and b indicate size and book-to-market ratio groups that the characteristics portfolios belong to, respectively, and t q is industrial production. The different asset models can be obtained by placing different restrictions on the i  , s, and b. 
Econometric Framework
We follow the same econometric approach here as in Smith and Wickens (2002) , and Wickens (2008, 2010) , and Abhakorn, Smith, and Wickens (2013) by using the multivariate generalized autoregressive conditional heteroskedasticity in mean model (MGM) to estimate the joint distribution of the excess return on equity with macroeconomic factors in such a way that the return satisfies the no-arbitrage condition under the SDF framework. This approach is achieved by including conditional covariances of the excess equity returns and the macroeconomic factors in the mean of the asset pricing equations and constraining the coefficients on these time-varying, conditional covariances according to the noarbitrage condition implied by each asset-pricing model.
x which contains n variables and i returns, as several portfolios are estimated at the same time. This specification is an extension of the MGM in Smith and Wickens (2002) . Consumption, inflation, and industrial productions are included, as they give rise to the discount factors in the SDF model, M1-M12 in Table 1 
where, is a 1 n  vector of constant, is a n n  matrix of coefficients in the vector autoregressive (VAR) part (included to obtain better representation of the error terms), is a n n  matrix of coefficients of in-mean component, t+1 is an 1 n  vector of errors, and i  number of equity returns. The vech operator converts the lower triangle of a symmetric matrix into a vector. The error term, t+1 , is conditionally normally distributed with mean zero and with conditional covariance matrix t+1 H . The first i rows of the model is restricted to satisfy the no-arbitrage condition as follows: 1) the first i rows of must be zero; 2) the first i rows of depends on then specification of each asset pricing model defined in Table 1 ; 3) the i+1 to i+3 rows of are all zero; and 4) the first i elements of is zero. A likelihood ratio test is used to provide test statistics for the restrictions implied by the no-arbitrage condition in M1-M12 as given in Table 1 .
While the MGM model is convenient, it is heavily parameterized, which can create numerical problems in finding the maximum of the likelihood function due to the likelihood of being relatively flat, and hence uninformative. Therefore, to complete the model parameterization for the conditional covariance matrix t+1 H with the view toward restricting the number of coefficients being estimated, the specification of the conditional covariance matrix is chosen to be the vector diagonal model with variance targeting (Ding and Engle, 2001) , which can be written as follows,
where  denotes Hadamard product, 0 H is the observed sample covariance matrix, for the 25 portfolios sorted by size and book-to-market ratio involve 69 and 93 parameters, respectively, while for the CAPM (M5 and M8) involving 53 and 78 parameters; we need to include only the market return, instead of the macroeconomic factors, in the joint distribution. We are unable to estimate M10 and M12 for the 25 portfolios, as doing so involves estimating too many parameters for our sample size (118 and 143 parameters, respectively); hence we include the two data sets of the 10 portfolios formed for size and book-to-market ratio separately to test for these general two-and three-factor SDF models, in addition to using these one-sorted portfolios to contrast the estimation results with the two-characteristics-sorted portfolios.
Estimation Results
Data
The data are monthly from 1960.2 to 2004.11 for the U.S. (538 observations). The return on the market portfolio is the value-weighted return on all stocks. The return on a risk-free asset is the one-month Treasury bill rate. Table 2 shows the summary statistics for the 25 value-weighted portfolios, which are the intersections of 5 portfolios formed on size and 5 portfolios formed on the ratio of book-to-market ratio.
There are also two sets of ten portfolios sorted by size and book-to-market ratio separately ( The descriptive statistics for the excess returns for the 25 portfolios in Table 2 are similar to those in French (1993 and 2006) for the periods 1963-1991 and 1963-2004 respectively, thus indicating the value effect and relatively weak size effect. This relatively weak size effect is also seen in Table 3 where one-characteristic sorted portfolios are considered. In general, all excess returns and macroeconomic variables appear to have negative skewness, excess kurtosis, and non-normality, except for the risk-free rate and inflation, which display positive skewness and show persistent volatility.
Estimates
C-CAPM
A full set of model estimates with their restricted versions for C-CAPM with power utility and nominal returns is reported in Table 4 . A likelihood ratio test is used to examine the hypothesis implied by each restricted model against the unrestricted model, M4. For M1, the conditional covariance of returns with consumption is highly significant, but the size of the coefficient, 83.25, implies an implausibly large CRRA, which is a common feature of consumption-based models (Campbell, 2002 , Cochrane, 2008 , Yogo (2006 , Wickens, 2008, 2010 ) except for C-CAPM with garbage growth of Savov (2011) .
For M2, all five consumption coefficients are significant, and the likelihood ratio rejects the hypothesis that portfolios within different book-to-market equity ratio quintiles have the same coefficient at any conventional levels. The test statistic for the restrictions against the unrestricted model M4 is close to that for M1, implying that the differences in the coefficients across size have little weight on the behavior of the estimated returns. On the other hand, the likelihood ratio test marginally fails to reject M3 ( p value   0.0513); restricting the consumption coefficients for portfolios within the same size quintiles to be the same does not exclude significant information about the excess returns. In other words, size has no, or a relatively weak, relation to the consumption coefficient. In fact, the coefficients in M2 for each size quintile look very similar, while those in M3 for each book-to-market equity ratio quintiles increase substantially from the lowest to the highest book-to-market quintiles. In addition, the consumption covariance coefficient for the lowest book-to-market equity ratio quintiles in M3 is not significantly different from zero.
M4 has 23 coefficients that are significant at conventional significance levels. All coefficients range widely from 47.79 to 247.14. Looking down each column, there is no clear pattern in the values of the coefficients across the size quintiles, whilst when looking across each row; the coefficients tend to rise as the book-to-market ratio increases. Like the insignificance of the consumption coefficient on the lowest bookto-market quintile in M3, the remaining 2 coefficients for the lowest book-to-market quintile and the first 2 smallest size quintiles are not significantly different from zero.
The insignificance of the coefficients for the lowest book-to-market quintiles of the 25 portfolios is consistent with the evidence from other empirical asset pricing studies on the 25 portfolios (Fama and French, 2008 , Lettau and Lugvigson, 2001 , Parker and Julliard, 2005 , Yogo, 2006 , and Savov, 2011 where the pricing models they propose also have difficulty explaining the portfolios in the smallest size and lowest book-tomarket quintiles (small growth portfolio). This inability may be due to limits to arbitrage from short-sale constraints for these portfolios, and thus frictionless equilibrium models, including C-CAPM, cannot explain the returns on these small growth portfolios (Yogo, 2006) . that book-to-market equity ratio seems to have additional information about the average excess returns that is not captured by C-CAPM. We estimate M1 and M4 for the two one-characteristic sorted portfolios to investigate whether these provide similar information to the double-sorted portfolios. Table 4 show that C-CAPM with power utility performs better, as neither of the M1 is rejected, suggesting that sorting stocks according to size and book-to-market ratio may more accurately distinguish stocks. For the 10 size portfolios, all coefficients on the consumption covariances in M4 are significant, and the model fits the data better than M1 (Figure 2 ). This is also true for the 10 book-tomarket ratio portfolios (Figure 3 ). In addition, the consumption coefficient for the portfolio in the lowest book-to-market quintile is highly significant, while those for Table 2 show that the average book-to-market ratios for these two portfolios are similar, while their average firm sizes are very different. Firms in the smallest size and the lowest book-to-market quintiles seem to be much smaller than other firms in the lowest book-to-market quintiles. Therefore, additional information that is not captured by C-CAPM may be associated with both book-to-market equity ratio as well as size. One possible explanation is that this extra dimension of risk arises from the investment growth prospect of firms. Abhakorn, Smith, and Wickens (2013) find that, in the C-CAPM framework, the mimicking return factor related to book-tomarket ratio (HML) can explain the 25 Fama-French portfolios across size quintiles as well as across book-to-market ratio quintiles. In this regard, they assert that HML may represent risk associated with the investment growth prospects of firm as low book-tomarket ratio firms may be expected to have higher rates of growth while small firms may also be expected to behave similarly. This interpretation of the extra dimension of risk is also consistent with Brennan, Wang, and Xia (2004) and Li, Vassalou, and Xing (2006) . These two studies propose asset pricing models based on investment related factors that can explain the cross-section of equity returns well. The figure plots average actual versus predicted excess returns (% per month) for the 10 book-tomarket ratio portfolios. The estimated models are (a) M1 and (b) M4. The average excess returns are adjusted for the Jensen effect. Table 5 reports the estimation results for all versions of CAPM. The market price of risk in M5 is 2.77 with a t-statistics of 2.94 and is lower than those reported in earlier related studies for the U.S. market (Harvey (1989) and Ng (1991) ). Comparing M6 to M2, where the coefficients for the first three size quintiles are relatively less significant, suggests that CAPM cannot price relatively small portfolios well and that there is more information in these portfolio returns related to size left unexplained by CAPM than by C-CAPM discussed above. This inability to price small portfolios has nothing to do with the book-to-market ratio. Moreover, as in M3, the coefficient on the market return for the portfolios in the lowest book-to-market ratio in M7 is not significant. ratio statistics for CAPM are all larger than those for C-CAPM. As in C-CAPM, allowing the coefficients on conditional covariances of market return with individual excess return to be different offers extra information about the cross-section of the equity returns. As can be seen from Figure 4 , M8 can explain the variation in the cross section well while M5 is not able to explain both size and value effects as in previous studies (e.g. Fama and French , 1992 and Lewellen and Nagel, 2006 . M5 for the two sets of 10 portfolios does not perform well since the market price of risk is of relatively low significance and in the case of the 10 size portfolios, the market price of risk has the wrong sign. Therefore, the likelihood ratio test rejects M5 for both 10 portfolios. M8 fits the data better than M5 (Figures 5 and 6 ), but its coefficients exhibit a negative relation with size and a negative relation with book-tomarket ratio for both 10 portfolios as in the case of the 25 portfolios. On the other hand, the relation between the consumption coefficients and firm characteristics in C-CAPM can be seen only in the case of the 25 portfolios. Thus, C-CAPM can explain size effect, but it has difficulty explaining the value effects; this exposure to the value premium appears to be associated with both the book-to-market ratio and, to some extent, with size. 
Panels B and C in
CAPM
C-CAPM and CAPM
We further investigate the ability of C-CAPM (M1) and CAPM (M4) by comparing the behavior of the conditional covariances in both models, as given in Table 6 Table 4 where the coefficients for these portfolios in M3 and M4 are not significant from zero. C-CAPM appears to miss the value premium completely by not producing dispersion in the consumption covariance across the book-to-market quintiles. In fact, the consumption covariances for the 5 portfolios in the highest book-to-market quintile seem to be slightly lower than those in the lowest book-to-market quintiles, indicating lower risk premium is implied by C-CAPM. On the other hand, the condition covariances of the returns with the market returns in CAPM, in addition to having a similar behavior across book-to-market quintiles as consumption covariances, appear not to be able to capture the size effect as well. The dispersion of the market covariances is not big enough to explain the differences in the excess returns across size, confirming our previous results where the coefficients for the first two size quintiles in M6 were not highly significant.
We add a constant term in M1-M8 for the estimation of the 25 portfolios to measure variation in excess returns that was left unexplained in each model. In general, we expect the constant term in C-CAPM to be of more significance than in those in CAPM because pricing asset returns with market return is expected to be more precise than using aggregate consumption data. However, Table 7 shows that for the magnitude of the constant terms in CAPM, 1.98 is larger than that for C-CAPM at 0.86. This larger magnitude of CAPM is present in every restricted version. The magnitude of the constant is also larger than in Fama and French (1993) with a constant for the CAPM being 0.04 to 0.57 (in absolute terms). The information about the cross-section of equity returns left unexplained in C-CAPM seems to be less than that in the CAPM. Moving from M1 to M4 decreases the significance of the constant terms (except for moving from M1 to M2), suggesting that allowing coefficients of conditional covariances within the same book-to-market ratio to be different is more important than allowing the coefficients to be different across size quintiles; the magnitude and level of significance of the constant terms reduces more when moving from M2 to M3 than when moving from M1 to M2. This argument is also true for CAPM when moving from M5 to M8. Table 8 reports the estimates of the general two-and three-factor SDF models based on consumption, inflation, and industrial production. We are unable to estimate M10
General SDF Models
and M12 for the 25 portfolios due to the high parameterization of the MGM. As in Smith, Sorensen, and Wickens (2008) , we find that industrial production plays no role in evaluating asset returns, but inflation is significant. The coefficient on the conditional covariance of inflation for the 10 book-to-market portfolios is positive because the contribution to the risk premium by consumption is higher than it is for actual excess return. The estimation of M9 and M11 for both 10 portfolios shows that the restrictions they provide on M10 and M12 cannot be rejected by the likelihood ratio test, implying that the coefficients for conditional covariance of consumption and inflation with the returns are similar across size and book-to-market deciles.
However, M9 does not explain the data better than C-CAPM and the CAPM ( Figure   7 ). The figure plots average actual versus predicted excess returns (% per month) for the 25 size and bookto-market ratio portfolios. The estimated model is M9. The average excess returns are adjusted for the Jensen effect.
Conclusion
This paper examines the behavior of the cross-section of equity returns based on the no-arbitrage condition derived from the Stochastic Discount Factor approach to asset pricing. We test whether the conditional covariances of the equity returns across portfolios formed on size and book-to-market ratio with discount factors in each asset pricing model can sufficiently explain the excess returns in these portfolios. Our results indicate that the no-arbitrage test rejects C-CAPM as the model can explain the size effects, but not the value effect. Although the consumption covariances exhibit a negative relation with size, but they do not vary with the book-to-market ratio. This behavior explains why the likelihood ratio test indicates that the coefficients for the consumption covariances are not similar across book-to-market ratios.
Allowing the coefficients on the conditional covariances with consumption to be different across portfolios generally improves the fit of C-CAPM. Even without adding any factor to the model, the performance of the resulting unrestricted C-CAPM is comparable to the modified version of C-CAPM of Lettau and Ludvigson (2001) , Parker and Julliard (2005) , Yogo (2006) and Savov (2011) . The unexplained variation in excess returns is less than for unrestricted C-CAPM as the significance of the constant term is lower than that in standard C-CAPM. Unrestricted C-CAPM does Our results confirm the findings of Abhakorn, Smith, and Wickens (2013) that both firm size and the book-to-market ratio need to be included in the model in order discover a value effect. Firm size or the book-to-market ratio on their own does not generate information about average returns that improves on C-CAPM. This requires the double sorting of stocks according to size and the book-to-market ratio for the 25 Fama-French portfolios. This finding suggests that there is an additional dimension of risk left unexplained by C-CAPM or by an SDF model with only one of these factors .
This extra dimension of risk seems to be associated with both (small) size and a (low) book-to-market ratio. A possible explanation for this extra dimension of risk is the investment growth prospect of firms, see Abhakorn, Smith, and Wickens (2013) , and could be the reason that the investment-based asset pricing models of Brennan, Wang, and Xia (2004) and Li, Vassalou, and Xing (2006) are able to explain the crosssection of equity returns.
Our results indicate that C-CAPM with size and the book-to-market ratio as additional factors contains information about cross-section average returns that is not captured by CAPM in previous studies by, for example, French (1992 and 2006) and Lewellen and Nagel (2006) . In general, SDF models suggest that inflation seems to be significant in determining stock returns, but industrial production plays no role in determining stock returns. However, pricing models that include inflation do not perform better than C-CAPM.
